






































































274 M . FORTI N 

8.1. Penalty methods 

The numerical methods which we want to introduce are based mainly on 
techniques derived from penalty methods. We shall therefore describe these 
briefly. We use the steady-state Stokes problem as a prototype but the 
idea applies to any incompressible problem. A penalty method is then a 
perturbation of our original problem (4.6) into 

a(ue,v) + b(v,pe) = (f,v), Vv e V, 
b(ue,q)-e [ p£qdx = 0, V<? € Q. 

Ju 

It can be shown (Bercovier (1978) or Brezzi and Fortin (1991)) that the 
error induced by this (regular) perturbation is O(e). Let us now consider 
the matrix form of the discrete problem already presented in Section(4.5). 
The problem becomes 

B* - ^ ) ( p ) " ( o ) - < «> 

But the matrix is invertible and it is possible to eliminate pressure from 
these equations to obtain 

AU + ^B t(MQ)~1BU = F. (8.3) 

Once U has been obtained by solving (8.3), one can calculate the pressure 

by 

P =l-(MQ)-lBU. . (8.4) 

This procedure is in fact usable only if the matrix is easily invertible 
(Bercovier, Engelman and Gresho (1982)). For discontinuous pressure ap-
proximations described in Section 5, we can invert AA® element by element 
and the numerical implementation is direct. It must be said that this simpli-
fication also has some disadvantages: the system (8.3) is il l conditioned for 
e small. Care must be taken if one wishes to get an accurate solution, and 
the convergence of iterative methods, such as a conjugate-gradient method 
is jeopardized. For continuous pressure approximations, {M.®)~1 is a full 
matrix and the reduced problem is not tractable. The perturbed problem 
(8.2) is nevertheless employed as it cures the singularity (p is defined up to 
an additive constant) of the original problem in the case of pure Dirichlet 
conditions on u. 

8.2. The augmented Lagrangian method 

We briefly describe here how a simple iterative procedure, called the aug-

mented Lagrangian method, can be employed to remove penalty errors and 






















